APPENDIX F Geneanlized Coodinates

F.1 NavierStoles Equations in Cartesian Cabinates

The compressible three-dimensionalvida Stokes equations,xeluding body forces
and eternal heat sources, in Cartesian coordinates are
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and

The pressure is defined by the equation of state for an ideal g
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F.2 Transformation to Genatized Coodinates

Now apply the generalized coordinate transformation
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From the chain-rule for a function of multiplanables,
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F.2.1 Obtaining the Metrics
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whereé,, n,, {,, Ey, Ny, Zy, &, Ny G50 &4 Nys (o are the metrics.

F.2.10btaining the Metrics

(F-14)

The metrics are determined as folk (For a description of the geometricabéuation
of the metrics, see “Geometrical &uation of the Metrics” on pad3.) The detviatives
of the generalized coordinates can be written

or, in matrix form (noting that, = ty
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dn = n,dx+ nydy+ n,dz+ n.dt
dg = {dx+{ dy +{,dz+ {,dt
dt = t,dx+t,dy+t,dz+t.dt

=t, = 0andt = 1),

dx
dy
dz
dt

Similarly, the denvatives of the Cartesian coordinates can be written
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Therefore, it is @ident that
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- . - 7-1
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To determine the irerse matrix represented on the right-hand side of Equation (F-18),
first the colctor matrix is found to be:

(YnZe =¥eZy) —(YeZe=Yeze) (¥s2q-YnZ) O
—(xnzz—xzzn) (XeZg — %1 Z¢) _(XEZn_XnZE) 0

(F-19)
(Xq¥g =X¥n) ~(Xe¥e=X¢Ye) (Xe¥n=Xq¥e) O
where
CF41 = _Xt(yr]zz _yzzq) _yt(XZZr] _Xr]ZZ) _Zt(Xr]yZ _XZyr])
CFap = X(VeZg —¥eZe) + Yi(XeZe = XeZg) + Zi(Xg Vg = X¢Ye)
(F-20)
CFy3 = —xt(yzzn —yan) —yt(xnzE _XEZn) —zt(xzyn —xnyz)
CFas = X (YnZg =YeZn) + % (VeZg = ¥eZ) + X (YeZy — Y Z)
The transpose of the @aftor matrix (i.e. the adjoint matrix) is
(YnZg =YeZy) —(XnZg=%¢Zy) (Xg¥g—%¢Yn) CFay
~(YeZr —¥eZe) (XgZg—%Zg) —(Xe¥g —X%¢¥e) CFyp 21

(YeZn =¥nZe) —(XeZy —XqZg) (X¥n —X%¥e) CFag
0 0 0 CFy,

The determinant of the warse matrix represented on the right-hand side of Equation (F-
18) is

Xg X Xz %,
Ye Yn Yo Wt
Z 2,2
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= Xg(YnZg =YeZq) X0 (VeZeYeZe) + % (Ye2Zy —YnZ) (F-22)

The Jacobian of the transformation is defined to be
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F.2.1 Obtaining the Metrics
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Note thatCF,, = 1/J. Now, from the property of an wertible matrixD,
-1 1 .
= det(D)adJ(D) (F-25)
let
I Xg Xq Xz X |
D = Ye Yn Yo Vi (F-26)
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It follows from Equation (F-18) that
e 8, 88 | UnETY) ~UnZmXez) (aYemXevn) CFa
2 e, n ~(YeZg —YeZe) (XeZg —%cZ) —(Xe¥r —%Ye) CFap
D o= | XY 2 =3 vz =y 2) ~(XsZo—X.Z5) (XsYo —X V) CFpal 20
L 8y 4 & YeZn ~Yn% £2n ~Xn%) (Xe¥n = XpYe 43
000 1 0 0 0 :

Therefore, the metrics are
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& = IYnZ —YeZ,)
&y = IOz =Xy 7)
&, = I(Xy Yz —%Yn)
& = =X &x— Y&y —Z&,

Ny = I(YeZe —Y:Z;)
Ny = J(xeZg = x¢%)
(F-28)
N, = I(X¢Ye —XeYyr)
Ny = —XNx— YNy — 24N,

Cx = I(YeZ, —YnZ)
Cy = 02 =% 7y)
(, = J(Xzyn —qu§)
G = —%Cx—Yily— 7,

F.2.2 Applying the Tansformation

Now, to apply the transformation to the \Near-Stokes equations represented in Equa-
tion (F-1), substitute Equation (F-14) into Equation (F-1) and multiplgAy:

109 , 10Q; ,19Q , 10Q
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(Rememberhowever, thatt, = t, = t, = 0). Since
0 ExD aﬁxm Exaf
ﬁﬁm feti0t 338 30
Then,
Ex0f _ 0 8 .0 [fx
338 = agd 30 Tae3 0 "3y

So, Equation (F-29) becomes
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Consider the fifth major term in Equation (F-33):
dfxg_ 9 _
E00~ 32 Wn% ~Ye?n) = YnZeo tYenZ ~YeZen ~ Vet
i—"D:i(yz—yz):yz +Y  Ze—YeZ o~V Z (F-34)
onby 0O~ gn'7¢%E 7Ex {%en - Ing%e JEMg Yean
dfxg_ @ _
57050 a7 Wetn * YnZ) = Yetnz * VeeznYnZzYniZ

The summation of the terms in Equation (F-34) is zero. The same canvioe fendhe
sixth, s@enth and eighth major terms in Equation (F-33). Therefore, Equation (F-33) can
be written
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BT 7 318+ 08, + hE,+ Q)] 9
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When summed, thexpression in the second major term in Equation (F-35) can be written

_ oU S - 0 -
pUu+ pax Ex XX Ey xy+ Eszz

FE,+ 08, +hE,+QE = | pUV+DPE, |- &1, +E T, +ET, (730
pUw + pEz 3 xUxz ¥ Ey yz+ Eszz
_(e+ p)U_Etp_ L Exbx+ E'y y+ Ezbz_

where
U=¢&u+ Eyv + &, W+ &, (F-37)
b, = ut,, + VT, + WT, + 0y
b, = ut,, + vt +Wr,,+0q, (F-38)
b, = ut,,+ VT, +WIT,, +(q,

Equation (F-38) can be written compactly using indicial notation as

in = ujTXin_qu (F-39)

with i = 1,2,3 and j = 1, 2,3 where 1 indicates thg direction, 2 indicates thg
direction, and 3 indicates thedirection.
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F.3 Navier-Stokes Equation in Generalized Coordinates

F.3 NavierStoles Equation in Genalized Coodinates

Now, let
_ U : _ . :
pUu + pEx ExTxx + EyTxy + Ez.[xz
F =1 pUv+pg, Fy = [&xTuy t & Tyy &1y, (F-40)
pUwW + pg, Exlxz T &yTyz + €14,
(e+p)U—£,p &b +E D +ED, |

Combining the other terms in a similar manner and Ietfmg: Q/J, E=F/J,
Fv=F/J,G6=G/3,G,=Gy/J, A =H/J, H, = H/J, Equation (F-35) can
be written

— + + + = (F-41)

at FR an g

The terms are as sha in AppendixA, Equations (A-3) through (A-14).

F.4 Geometrical Evaluation of the Metrics

By analogy with the inggral form of the equations, a geometrical interpretation of the
metric terms can be made. Thector k/J is the directed area of the cell ingaé nor-
mal to a k = constant coordinate direction (K =n, or (). (See Figuré-1.) The unit
vector (k,, ky, k,)/|0k| is composed of the direction cosines of the cell iaterfand

|Ok|/J is the area of the cell intade. Note that
Ok = ki +Kk,j +kk
Ok = JkG+ K5+ K2

The directed areas are calculated as one-halféb®vproduct of the tavdiagonal ec-
tors connecting oppositeektex points of a celldce, takn such that the directed area is
parallel to the direction of increasing k.

(F-42)

Likewise, the normalized contrariant \elocity, U = U/|0&|, for example, repre-
sents the relate welocity normal to a& interface, Where—ét = -¢,/|0¢| is the grid
speed normal to the intexde. The @lume of the cell isl/J and is determined by sum-
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Ok/J

k = constant line

Figure F-1. Directed area schematic.

ming the wlumes of the six pentahedra forming thedgonal cell. Each pentahedron is
defined by one of the six celldes and thevarage point in thealume. The net &ct is
that the diference equations are satisfied identically whextuated at free-stream condi-
tions on arbitrary meshes.

In the code, the metric arrays are set up asvisliasing the, direction as anample.

si(j.ki,1) =¢&/|0¢& = éx = x component of unit normal toface
si(j,k,i,2) = Ey/IDEI = éy =y component of unit normal toface
si(j,k,i,3) =&/|0¢ = £, =z component of unit normal toface
si(j,k,i,4) =|0&/J =i face area

si(j,k, i,5) ==§/|0¢ =i face normal glocity
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